Several questions about the Galois group of field generated by certain one dimensional formal group laws are studied. This is a continuation of
Introduction
In [SS1] and [SS2] author studied some questions about the Galois group of field generated by division points of certain formal group laws and relation between this Galois group and the ring of endomorphisms of corresponding formal group law. Present article is a continuation of [SS2] .
First, recall the set-up and main results :
Let p be a prime and let K be a finite extension of Q p . Put O K to be the ring of integers of K, let p K denote the unique maximal ideal of O K and v pK (·) be the valuation associated to it. Fix an algebraic closure Q p and |.| p be an fixed extension of the absolute value. Let O be the ring of integers of Q p and p be the unique maximal ideal of O. Clearly p ∩ K = p K . For n ∈ N let µ n denote the group of n-th roots of unity inside Q p . with at least one a i ∈ O K − p K . Then min {i | |a i | p = 1} = p h for some positive integer h (see [Haz, 18.3.1] ). Now if π 1 is another generator of p A and
then b p h ∈ O K − p K and min {i | |b i | p = 1} = p h . This integer h is called the height of F as formal A module. If a i ∈ p K for all i ≥ 2 then we say, height of F is infinity. We shall only consider formal A modules of finite height.
Let A be as above and F be a formal A module over O K . It defines a A module structure on p K which naturally extends to a A-structure on p. We shall denote the corresponding addition by ⊕ F to distinguish it from usual addition.
Use End OK (F) to denote ring of endomorphisms of formal group F which are defined over O K and End A OK (F) to denote ring of endomorphisms of formal A module F which are defined over O K . It is well-known that End OK (F) = End A OK (F) (see [Haz, 21.1.4 
]).
Let π be a generator of p A . For each n ≥ 1, use F[π n ] to denote the π n -torsion
For any sub-field L of Q p , let L F (π n ) be the subfield of Q p generated by
over L and put
We shall adopt the convention F[π 0 ] = {0}.
Let π be a generator of p K and put K π = Q p (π). Use A π to denote the ring of integers of K π . For simplicity we shall write p Aπ as p π and f Aπ as f π . Note that π is a generator of p π . Let F be a formal A π module of height h defined over O K .
Now A be an integrally closed subring of O K containing A π such that F has a A module structure. Clearly, F has height h as A module. We know that h A | f (See [SS1, ). Put h r,A = h fA . h r,Aπ will be abbreviated as h r,π and if A is clear from context we shall drop A from subscript.
Notations and terminologies :
Let K, O K , p K , π be as before. We shall use the following notations and terminologies -A local field is a finite extension of Q p , O k = ring of integers of k for any discrete valuation field k , p k = the unique maximal ideal of k, E = a finite unramified extension of K, K (n) = the unique unramified extension of K of degree n for any n ∈ N, O (n) K is the ring of integers of K (n) ,
F π (O E ) = set of all A π modules of finite height defined over O E ,
Note that G L = G L and it is a closed normal subgroup of G E , known as inertia subgroup.
Let π be a generator of
Let F ∈ F π (O E )(h) and use F to denote fraction field denote fraction field of
then we say F has endomorphism ring with full height. Such F defines a full group law in Lubin's sense (see [Lub1, 4.3 .1]).
One has the maps
If E is clear from context we shall drop it from subscript.
Additionally, one needs to consider formal Z p modules over O E and associated module of p-torsion points. Here height means height as Z p module. While working with this set-up we shall use similar notations with π replaced by p.
In section-2 and section-3 notion of p-adic lie groups over local field is used.
We shall follow definitions and terminologies of [Ser1] .
The following remark summarizes the main points of development so far :
, End(F) (the absolute endomorphism ring, see [Lub1, 2.3.3] ) are complete, integrally closed A π algebras of finite type.
See [SS2, .
ii) Let F ∈ F π (O E )(h) and assume that µ p h −1 ⊆ O E . Then the following are equivalent :
c) The endomorphism ring of F over O E has full height ie End
See [SS1, ].
iii) Hypothesis as in (ii). If the equivalent conditions hold then : a) D π (F)/E is totally ramified and the Galois group is isomorphic to U A (hr,π ) π , the group of units of A
In [SS1] , [SS2] the Galois representation on associated Tate module was studied. In this article we shall continue these kind of investigations, fill up a few gaps and generalize the set-up to lie groups over general local fields and discuss question about number of generators as in [SS2, .
There is an appendix devoted to discuss formalism of π-divisible groups suitable for this purpose. over R. Note that in this situation,étale points of a p-divisible groups over R are defined over an unramified extension of fraction field of R. Since we shall be concerned about representation of inertia subgroup, these results can be stated in terms of any p-divisible group of dimension 1 ie without loss of generality one can ignoreétale points.
ii) Author was ignorant of some important results of Serre and Serre-Sen while writing [SS1] and [SS2] . These are put into proper place in the development of ideas (see section-2 and section-3). This answers some questions posed in these articles which constitutes section-4.
Galois representation -I
one obtains continuous representations
Note that, these maps factor through canonical inclusion Gal
The representations ρ p (F) and ρ p (F) are quite similar, we shall mostly be concerned with ρ p (F) and mention ρ p (F) only if needed ie we want to study the totally ramified part of the extension. Note that here we are considering F to be a group law over O L .
Let H be image of ρ p (F). Clearly H is a closed, compact p-adic lie sub-group 
Then, H alg = Gl h and H is an open sub-group of Gl h (Q p ) in metric topology.
Proof : See [Ser2, . Now one would like to know when condition-(i) of proposition-2.1 holds. In this direction we have the following result :
Proposition 2.2 : The following are equivalent :
iii) h is a reductive Lie algebra ie a product of an abelian and a semi-simple Lie algebra.
Proof : See [Ser2, Section-1, Proposition-1]. 
For n ∈ N, let red n : H → Gl h (Z/p n Z) be the canonical reduction modulo p n map. Put K n = Ker(red n ) and I n = Im(red n ). We have,
This shows that dimension of image plays important role in determining the degree of the extensions which in term has influence of determining arithmetical properties of the corresponding extension. In particular, note that
for large enough n. This is the main theme for rest of this section.
Proof : Proof of (i), (ii) is clear. (iii) follows from taking k = n − 1 and using the estimate mentioned before.
In particular, the fields L(
Proof : i) Follows from the fact that
ii) First part follows from part (i) and part (ii) of lemma 2.5.
Second part follows from first part.
n and hypothesis of corollary-2.6 is verified. Note that, this is the case if H is open in Gl h (Z p ).
ii) In Sen's theory of ramification in p-adic lie filtration one obtains similar estimates but with respect to a lie filtration which may be different from the filtration {K n } (see [Sen1] ). But one can show by analyzing trivilization maps of a neighbourhood of identity in H, that {K n } is indeed equivalent to a lie filtration in sense of [Prob, Chapter 6] and hence one can use the ramification estimates derived in Sen's theorem.
Since dimension of the lie group H is an important invariant in determining the Galois group of D p (F)/ L one would like to know when two formal group of same height has same dimension of image of ρ p . We conclude the section with a preliminary observation in this direction.
fine {I n (F)} and {I n (G)} as before.
Lemma 2.8 : Notation be as above.
Proof : In light of discussions in this section it is enough to show that the sequence { |In(F)| |In(G)| } is bounded above and does not converge to zero.
and the induced morphisms
has finite kernels and are surjective (see [Lub2, 1.6] ).
Further they induce surjective morphisms
and
. Now using the estimates from proposition-2.4 one concludes the result.
3 Galois Representation -II
and A be an integrally closed, complete ring with
Let ω ∈ p A be a generator and F be a formal A module of height h A . Note that this means F has height eh where as Z p module where e is the ramification index of K(A)/Q p . For simplicity write h p = eh.
It can be proved that
where f is the degree of residue extension of K(A) (see [Lub2, .1] and
Consider the canonical representation
Denote the image by H ω . Clearly we have a topological isomorphism
. Note that if we fix an ordered A-base for
) can be identified with Gl(h r,A , A) and H ω is a closed subgroup of Gl(h r,A , A). A natural question that can be asked if H ω is a analytic lie group over K(A), the fraction field of A.
This question can be rephrased as follows :
where M (h p , Z p ) is the algebra of h p × h p matrices with entries in Z p . Further, note that this homomorphism is injective (see [Tate, ). We shall abuse notation and identify A with its image. Image of a ∈ A shall be denoted
Clearly A commutes with H, the image of ρ p (F). Let h ⊆ gl(h p , Z p ) be the corresponding lie algebra (thought as Z p module). One would like to know if (p n A)h ⊆ h for some n ≥ 1. Note if this is the case then a neighbourhood of identity in H ( ∼ = H ω as topological groups) has A-structure and it can be endowed with a structure of K(A) manifold.
Consider the extension K(A)/Q p and let K 0 be the corresponding maximal unramified extension. Let A 0 be its ring of integers. We have,
Let U n,A0 be the n-th unit group of A 0 . Note that A commutes with h. Using exponential map, p n A 0 h ⊆ h for some n ∈ N if and only if U n,A0 ⊆ H for some
Remark 3.1 :
Thus using notation of previous section
Using the bound obtained before we conclude {z 1 (en), · · · z hA/f (en)} is a generating set with smallest size for all n ≥ n 0 + 1. Fix this choice of generating set.
Let n ≥ n 0 + 1. Consider the map
defined by i n (ã) =ã σ whereã σ ∈ G n,n0 is determined bỹ
for a ∈ U n0,K (hereã means class of a).
Suchã σ exists by lemma-2.6(i) and it is easy to verify that i n is a well-defined group homomorphism. Injectivity of i n follows from injectivity of ∆ n,k .
Since i n is naturally defined one can pass to projective limit and obtain the desired inclusion.
ii) Proof is similar to proof of part (i). Further, there is an endomorphism
As before let {z 1 (en),
A simple calculation shows
where a i ∈ Z p for all i ≥ 1 .
Thus by lemma-2.6(i) one can construct an element σ ∈ G n,n0 such that
for all 1 ≤ i ≤ h p /f and for all n ≥ n 0 + 1. Passing to projective limit one obtains an element of K n0 ⊆ H. then one has desired A-structure on H and using the topological isomorphism one can put A-structure on H ω .
We shall prove a partial converse below.
First we introduce a terminology :
Definition 3.4 : Let k be a complete discrete valuation field of character-
closed in its fraction field.
and G is good (see [Lub2, 3.2] ). Thus their p-torsions generate the same fields and we only need to consider G if we want to study the associated Galois group (see [SS2, ).
Consider the set-up in beginning of this section. Further assume that A ֒− → End(F) is onto. One can find such A if and only if F is good.
In this situation one can always show that H ω has structure of K(A) manifold
and it is open in Gl A (T ω (A)) by a result of Serre-Sen (see below).
Remark 3.6 : Assume that H ω has K(A)-structure. From here one way to prove openness is to follow Serre's original method in [Ser2] . For this we need a suitable formalism of π-divisible groups. This is developed in appendix.
Assume, H ω has structure of K(A) manifold. One can generalize proposition-2.4 to arbitrary local fields : Proof : Similar to Serre's proof of proposition-2.4 (see [Ser3, ).
With help of this proposition one can prove analogues of results in section-
Comparing with result in last section one obtains
In the next proposition we shall abuse notation and use h to denote lie algebra of H thought as a subspace of End Qp (V ) where
Hypothesis be as before. By Tate's main result of p-divisible groups ([Tate,
and K(A) can be identified with a sub-algebra of End Qp (V ).
Proof : See [Sen2, .
Corollary 3.9 : K(A)h ⊆ h.
Proof : Follows from K(A) ⊆ End K(A) (V ) and proposition above. The following lemma is basic fact from p-adic analysis :
Lemma 3.11 : Let k be a local field and G be an analytic subgroup of Gl n (k) of dimension n 2 . Then G is open. Remark 3.12 : i) Content of proposition-3.10 seems to be well-known.
ii) From the discussion before proposition-3.8 it follows that d = hphA f .
Some implications
This section is devoted to collect some observations and answer a few questions posed by the author in previous articles [SS1] , [SS2] which mostly follow from proposition-3.10. 
ii) Let F ∈ F p (O L )(h) be good and let A denote its ring of endomorphisms.
From remark-3.12(ii) it follows that m p (n) = hA f for large enough n. iii) Further, let ω be a generator of the maximal ideal of A. Use m ω (n) to denote the smallest size of a subset of
From proposition-3.7 and remark-3.12(ii) one can deduce that m ω (n) = hA f for large enough n. Now we shall consider unramified group laws. Notation be as in introduction.
and this ring is a complete, integrally closed subring of O E containing A π . For simplicity, it will be denoted by A F . Put [k(A F ) :
Further π is a generator for maximal ideal of A F .
We shall be considering representation ρ of Gal(C| L) ie the inertia subgroup, on Gl Aπ (T π (F)). Note that T π (F) is a free A π module of rank h r,π . Thus Gl Aπ (T π (F)) can be identified with Gl(h r,π , A π ). Since T π (F) has a A F module structure, image of ρ (denoted H π (F)) lies inside Gl(h r,A F , A F ) ⊆ Gl(h r,π , A π ). Remark 4.2 : i) By proposition-3.10, H π (F) is a lie group over K(A F ). Hence it has analytic structure over K π . This answers a question in remark-3.1.2 of [SS2] .
This answers a question in remark-4.2.1 of [SS1] .
Thus remark-4.1(i) can be rephrased as
ie an integral multiple of h r,π . Using remark-4.1(iii) one sees that if m π (n) = 1 for large enough n, then h = f F .
v) By discussion section-3 it is easy to see H π (F) contains an open subgroup of
.1, proposition-3.10).
Now we have an improved version of theorem-2.3 from [SS1] :
Theorem 4.3 : Let F ∈ F π (O E )(h) be an unramified group law. Further, assume that µ p h −1 ⊆ O E . Then, following are equivalent :
ii) m π (n) = 1 for large enough n, iii) F has A hr,π π module structure extending A π module structure.
Proof : Follows from theorem-2.3 of [SS1] and remark-4.2(iv) above.
Concluding remarks
We conclude with some questions and observations about overall situation :
It is more interesting to know if
Note that if they are in same isogeny class, this is the case.
One may ask if the converse is true, ie if
The goal is to get a good geometric parametrization for these classes of field extensions.
ii) One way to get information about containment like
arithmetically pro-finite and one can use 'field of norm' machinery to compute the associated Galois group (see [Win] ).
In particular, if F = G m , there is an well-known formula for Gal(
terms of field of norms.
iii) Coleman has studied norm compatible systems in Lubin-Tate case using interpolation techniques (see [Col] ). One would like to generalize these results for any unramified group law. Note that in this case one expects h r,π many power series in one variable whose combination will represent the element.
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A Introduction
The goal of this appendix is to generalize the results of [Ser2] for lie groups over arbitrary local fields. Since we are interested in representations arising from formal A-modules one should improve the formalism of Tate's work on pdivisible groups (see [Tate] ) to prove a generalized 'Hodge-Tate decomposition'
for the Tate module which is a key ingredient for Serre's work.
We shall use notion of formal module schemes and follow Faltings work [Fal] to prove a general version of classical Cartier duality which shall lead a generalized 'Hodge-Tate decomposition'. The results in [Ser2] are easily generalized once we have a general 'Hodge-Tate decomposition'.
Note that concept of O-module schemes goes back work to Drinfeld and Faltings paper ( [Fal] ) does an elaborate treatment of the topic.
B Definition and first properties
Let O be ring of integers of a local field and π be a generator of the maximal ideal p of O. Use K(O) to denote the fraction field of O, e and f be ramification index and degree of residue extension associated with the extension with
Definition A.1 : i) Let R be a commutative ring and let G be a finite, flat, affine commutative group scheme over R. G is said to be a finite O-module scheme if there is a homomorphism of rings
ii) Further, assume that R is a O algebra. A finite O-module scheme is said to be strict if O acts on Lie(G) by scalar multiplication. ii) Group structure on G can be lifted (lift is unique if we put some obvious constrains) to a binary operation on G which is commutative and associative but in general G does not have structure of group scheme. Further, if G has strict O module structure it can be lifted to an O structure on G in appropriate sense.
(See [Fal, iii) A strict homomorphism G → H between two finite strict O modules is a homomorphism which can be lifted to an additive O linear map between G → H. iv) We shall use this auxiliary notion only in section-C below.
Let R be a noetherian, complete, local ring and G be a finite, flat, affine, commutative group scheme over R. Then there is an exact sequence
(see [Tate, 1.4] ). If G has structure of O module it is easy to check that GG et inherits structure of O module.
Note that, Lie(G) = Lie(G 0 ) and Lie(G et ) = 0. Hence if G has strict module structure (which is always the case below), so do G 0 and G et .
In what follows R will denote a complete, discrete valuation ring with perfect residue field which contains O. Clearly, it has characteristic (0, p).
Definition A.4 : Let h ∈ N. A π-divisible group over R is defined as an inductive system (G ν , i ν ) ν≥0 of finite O-module schemes over R satisfying :
an algebraically closed field containing R. A cardinality argument shows that
ii) A homomorphism of two π-divisible groups (G ν , i ν ) and (H ν , j ν ) is a sequence
iii) Note that i ν : G ν → G ν+1 identifies G ν with a closed sub-scheme of G ν+1 .
Iterating we have a closed immersion
It is easy to check that this defines a p-divisible group
Thus one can consider [π] torsion sub-modules and recover the associated π-divisible group.
Next we shall show that category of connected π-divisible groups over R is equivalent to category of formal O-modules over R with property that [π] defines an isogeny. Proof is same as Tate's argument in [Tate, Section-2] and we briefly sketch main points.
where X is a short-hand for X 1 , · · · , X n . Using the module structure one obtains a R algebra morphism φ :
Definition A.6 : F is said to be divisible if φ turns A into a finite free A module.
Clearly G ν (F) inherits O module structure from F and one has a π-divisible
is connected (in sense of (A.1)) for ν ≥ 0 and thus we have a connected π-divisible group over R.
Conversely, if one has a connected π-divisible group G consider the associated p-divisible group G p . By Tate's construction there is a divisible formal group law F over R such that G p arises from F in the sense described above. Note that O ֒− → End R (F, F) and acts on Lie(F) (constructed from formal group perspective) by scalars. Hence we have a formal O module over R. Since F is divisible as Z p module it is also divisible as O module. ii) Proposition A.7 gives natural examples of π-divisible groups. In particular one can consider a Lubin-Tate group law defined over O ⊆ R. We shall denote the associated π-divisible group as G LT .
Let F and G be formal O-modules over R. Since characteristic of R = 0 it can be shown, Hom R (F, G) = Hom O R (F, G) (see [Haz, 21.1.4 
]).
Lemma A.9 : Let G and H be two π-divisible groups and G p , H p be cor-
Proof : It is enough to show that any homomorphism of p-divisible groups This proves the lemma.
The last topic of this section is tangent space of π-divisible groups. Note that tangent space depends only on connected part which is given by a formal O module over R.
In what follows L is completion of an algebraic extension of K(R), the fraction field of R and O L is ring of integers of L.
Let G be a π-divisible group and G 0 be its connected component of identity. Let
A 0 be the co-ordinate ring for G 0 . One can define the tangent space t G in terms of left invariant derivations of A 0 . S valued points of t G are given by R-linear
for any R algebra S.
It is a free module of rank n over S.
For all a ∈ O, one has map [a] : A → A defined by X i → a i (X). Since a i (X) = aX i + higher degree terms, t G (S) has a natural O module structure.
Consider the case S = L. One has logarithm map log :
can use the power series logarithm map coming from formal group and define the logarithm map. Using this point of view or otherwise it is easy to see that log is O-linear with respect to O module structure on both sides. Further, log induces a local isomorphism between the groups on both sides. Thus we have
. If L is algebraically closed then image is onto.
C Duality for π-divisible groups
The goal of this section is to describe a dual of π-divisible groups which behave well with respect to action of endomorphism ring. This duality is similar to classical Cartier duality and quite important for rest of discussion.
Construction A.11 (Generalized Cartier duality) (See [Fal, i) Let G be a finite O module scheme over a noetherian ring R and G LT be a Lubin-Tate module over O ⊆ R. Since G is finite there is an integer h such
ii) Define a functor from category of R algebras to sets by S → Hom strict (G S , G LT,S ) (ie the set of strict O-module homomorphisms). This functor is representable by a finite O module-scheme G ′ which is defined over R and of same rank as G.
iii) (G ′ ) ′ isomorphic to G and from definition it is clear that the association
iv) Let R be as before and G be a π-divisible group of π-height h r . Then one can construct another π-divisible group G ′ = {G ′ ν } ν≥0 defined over R dualizing multiplication by [π] map. It is easy to see that G ′ has π-height h r .
Construction A.12 (Galois Invariant Pairing)
Let L be an algebraic closure of K, the fraction field of R. Then, there is a non-degerate pairing of O modules
for each ν ≥ 0. This paring is compatible with action of Gal(L/K) on both sides and taking injective limit in one co-ordinate and projective limit on other co-ordinate ie it induces a O linear, Galois invariant non-degenerate paring
D Hodge-Tate decomposition
Let T be a free O module of finite rank and assume that R is a complete DV R containing O with perfect residue field. Put
, an algebraic closure of K(R) and let G K(R) be the absolute Galois group of K(R) and χ :
One can define twisted action of
. We shall denote this G K(R) module as C(χ). First, we need some preliminary results which generalize Tate's computations of twisted cohomology.
× be a continuous character. χ is said to be a Sen character if there is a finite extension K 0 /K such that K χ /K 0 is a totally ramified pro-p extension and its Galois group is identified with a p-adic lie group (over Q p ) of dimension ≥ 1 by χ ; where
Example A.14 :
Galois group of L/K(R) is a Sen character.
Let K 0 /K(R) be a finite extension and χ be a Lubin-Tate character over K 0 .
One can estimate valuation of discriminant, define normalized trace map and can prove the following lemma (see [Tate, Let G be a π-divisible group over R. We shall show that the π-adic Tate module T π (G) thought as O module, has χ-HT decomposition for a suitable χ.
Let G ′ be its dual as constructed in last section.
Proposition A.19 : As G K(R) -module and C-vector space
where H = T π (G LT ) and t * G (C) is co-tangent space of G at identity which can be identified with dual of tangent space. Further G K(R) acts on homomorphisms via (σf )(x) = σ(f (σ −1 x)). From constuction A.12 (interchanging role of G and G ′ ) it folllows that we have an isomorophism of G K(R) as well as O modules
This gives a non-degenerate bi-linear pairing
Now consider maps
as in [Tate, . One can imitate Tate's proof of proposition-11 and show these maps are injective. Further Galois invariance of the pairing proves that these are morphism of G K(R) modules.
Put X = t G ′ (C) and X ′ = Hom C (t G (C), Y ). By the pairing above, X ′ can be thought as a subspace of W . First, we would like to show W = X ⊕ X ′ as C-vector space.
Note that Y = C(χ −1 ) as G K(R) module, where χ : G K(R) → K(R) × is a LubinTate character. In particular Y G K(R) = 0. Note that t G (K(R)) ⊆ W ′G K(R) and t G ′ (K(R)) ⊆ W G K(R) . The bilinear paring above pairs
. So t G ′ (K(R)) and t G (K(R)) are mutually orthogonal with respect to the pairing. Now from definition of X ′ it follows that X and X ′ are linearly disjoint.
Note that dim C (W ) = h f where h is height of G and f is residue degree of O. dim C (t G (C)) = dim of G and dim C (t G ′ (C)) = dim of G ′ . From lemma A.16 W = X ⊕ X ′ as C-vector spaces.
Now one needs to show that the splitting above respects G K(R) module structure.
As in [Tate, , it is enough to check 
